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ASYMPTOTIC STRUCTURE OF FREE PRODUCT 
VON NEUMANN ALGEBRAS 

CYRIL HOUDAYER AND YOSHIMICHI UEDA 


Abstract. Let (M, ip) = (Mi, (pi) * (M 2 , P 2 ) be the free product of any <r-finite von Neumann 
algebras endowed with any faithful normal states. We show that whenever Q C M is a von 
Neumann subalgebra with separable predual such that both Q and Q fl Mi are the ranges of 
faithful normal conditional expectations and such that both the intersection Q fl Mi and the 
central sequence algebra Q' (~l are diffuse (e.g. Q is amenable), then Q must sit inside Mi. 
This result generalizes the previous results of the first named author in IHol4l and moreover 
completely settles the questions of maximal amenability and maximal property Gamma of the 
inclusion Mi C M in arbitrary free product von Neumann algebras. 


1. Introduction and statement of the main results 

The first class of concrete maximal amenable subalgebras in von Neumann algebras was dis¬ 
covered by Popa in his seminal article [Po83] . He showed that the generator maximal abelian 
subalgebra L(Z) = L((a)) is maximal amenable inside the free group factor L(F2) = L((a, &)). 
Popa moreover introduced in jPo83| a powerful method, based on the study of central sequences 
in the ultraproduct framework, to prove that a given amenable von Neumann subalgebra in a 
finite von Neumann algebra is maximal amenable. This method will be referred to as Popa’s 
asymptotic orthogonality property in this paper. Popa’s maximal amenability result |Po83j for 
free group factors was recently extended by the first named author in }Hol4] to a large class of 
free product von Neumann algebras, possibly of type III. We refer to (HoT4j and the references 
therein for further results on maximal amenability in the framework of von Neumann algebras. 
We point out that Boutonnet-Carderi recently introduced in [BC14j a new method, based on 
the study of central states, to prove that a given amenable von Neumann subalgebra in a fi¬ 
nite von Neumann algebra is maximal amenable. Among other things, they obtained concrete 
examples of maximal amenable von Neumann subalgebras in type Hi factors associated with 
higher rank lattices. 

The aim of this paper is to further generalize the recent work of the first named author in jifoT4] 
and to completely settle the questions of maximal amenability and maximal property Gamma 
of the inclusion M\ C M arising from an arbitrary free product (M, tp) = (Mi, tp\) * (M2, <£> 2 )- 

We will say that an inclusion of von Neumann algebras Q C M is with expectation if there 
exists a faithful normal conditional expectation from M onto Q. Our first main result is the 
following optimal Gamma stability result inside arbitrary free product von Neumann algebras. 

Theorem A. For each i £ {1,2}, let (Mj,</?j) be any a-finite von Neumann algebra endowed 
with a faithful normal state. Denote by (M,p) = * (M 2 ,<^ 2 ) the free product. Let 

Q C M be any von Neumann subalgebra with separable predual and with expectation such that 
Q fl Mi is diffuse and with expectation, and furthermore that Q’ fl M w is diffuse. Then we have 
Q C Mi. 
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We refer to Theorem 14.31 below for a more general statement that extend |Hol41 Theorem D] 
to arbitrary free product von Neumann algebras. As a corollary to Theorem a we infer that 
amenable von Neumann subalgebras Q C M with expectation such that the intersection QdMi 
is diffuse and with expectation must in fact sit inside M\. Namely, we obtain the following 
result. 

Corollary B. Let ( M,ip ) = (Mi,ipi) * (M 2 , be as in Theorem\jQ Let Q C M be any 
amenable von Neumann subalgebra with expectation such that Q n M\ is diffuse and with ex¬ 
pectation. Then we have Q C M\. 

We point out that the separability assumption on the predual of the amenable von Neumann 
subalgebra Q C M is no longer needed in Corollary [Bj As we mentioned before, in the case 
when both M\ and M2 are tracial and both <p\ and 922 are faithful normal tracial states, 
Corollary IBl is a consequence of |Hol41 Theorem D], Very recently, Ozawa gave in |Ozl5] a 
short proof of the above Corollary IBl in the tracial case using an idea in |BC14| . However, that 
proof depends upon the assumption that given states are tracial. Moreover, we would like to 
emphasize that the tools and the techniques we will develop in order to achieve the goal of this 
paper have strong potential in future research, and indeed lead to our next work on general 
rigidity phenomenon for free product von Neumann algebras |HTJ15j . 

We also point out that |Hol4l Theorem A and Corollary B] hold true under the more general 
assumption that M\ is diffuse, instead of the centralizer (Mi)^ 1 being diffuse as in |Hol4| . In 
fact, we prove the optimal asymptotic orthogonality property result in arbitrary free product 
von Neumann algebras (see Theorem 13.11 below) to make those assertions hold under such a 
general assumption. Remark that this generalization of [Hol4l Theorem A] does not follow 
from Theorem 0 since it is applicable to any intermediate subalgebra M\ C Q C M without 
a priori assuming it to be with expectation. 

We now briefly explain the strategy of the proof of Theorem lAl To simplify the discussion, we 
will further assume that Q C M is a subfactor. We refer to Section [4] for further details. 

Assume that Q is amenable. In that case, we exploit the fact that Q is AFD with a Cartan 
subalgebra A C Q and hence has lots of central sequences that sit inside the ultraproduct von 
Neumann subalgebra AN C Q u . This is a key observation when Q is of type III. Using our 
generalization of the asymptotic orthogonality property in arbitrary free product von Neumann 
algebras (see Theorem 13. II below 1 and exploiting the recent generalization of Popa’s intertwining 
techniques obtained in 111 lol . we then show that any corner of A must embed with expectation 
into Mi inside M. By exploiting the regularity property of the Cartan inclusion A C Q and 
using a standard maximality argument, we deduce that Q C Mi. 

We point out that our strategy, based on the study of central sequences in the ultraproduct 
framework via Popa’s asymptotic orthogonality property, works for arbitrary von Neumann 
algebras. Hence we are able to deal with amenable subfactors Q C M in Theorem [A] and 
Corollary [B] that can possibly be of type III. 

Assume that Q is nonamenable. In that case, we use Connes-Takesaki’s structure theory 
|Co72l fTa03j and Popa’s deformation/rigidity theory [ PoOl, Po03. Po06j inside the ultraprod¬ 
uct of the continuous core (c ¥ ,(M)) aj . One of the new features of our proof is to exploit a 
recent result of Masuda-Tomatsu [MT13J showing that the continuous core of the ultraproduct 
von Neumann algebra c^(M“) sits, as an intermediate von Neumann subalgebra with trace 
preserving conditional expectations, between c^(M) and (c v ,(M)) w , that is, 

c v (M)Cc v »(M“) C (c v (M)) u . 

Using Popa’s spectral gap rigidity principle and intertwining techniques, we then show that 
any finite corner of c ^(Q) must embed into c^(Mi) inside the ambient continuous core c v ,(M). 
By a standard maximality argument, we deduce that c ip (Q) C c v (M\) and hence Q C Mi. 
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We point out that we do need to pass to the continuous core c V {M) in order to make Popa’s spec¬ 
tral gap rigidity principle work since we ultimately use Connes’s characterization of amenability 
for finite von Neumann algebras |Co75j . 

We conclude this paper with an appendix in which we give a short proof of an unpublished 
result due to the second named author showing that Connes’s bicentralizer problem has a 
positive solution for all type IIIi factors arising as free products of von Neumann algebras. 
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2. Preliminaries 

For any von Neumann algebra M, we will denote by Z(M) the centre of M, by U(M) the 
group of unitaries in M, by Ball(M) the unit ball of M with respect to the uniform norm || • 
and by (M, L 2 (M), J M p M ) the standard form of M. More generally, for any linear subspace 
V C M, we will denote by Ball(V) the unit ball of V with respect to the uniform norm || • Hoc. 

Background on cr-finite von Neumann algebras. Let M be any a-finite von Neumann 
algebra with unique predual M* and ip € M* any faithful state. We will write HxH^, = ip(x*x ) 1 ^ 2 
for all x € M. Recall that on Ball(M), the topology given by || • ||<^ coincides with the c-strong 
topology. Denote by the unique canonical implementing vector of ip. The mapping 

M —> L 2 (M) : x i-A x^ defines an embedding with dense image such that HxH^, = II^^IIl^m) 
for all x £ M. 

We denote by a^ the modular automorphism group of the state ip. The centralizer of the 
state ip is by definition the fixed point algebra of The continuous core of M with 

respect to ip, denoted by c v (M), is the crossed product von Neumann algebra M R. The 
natural inclusion : M — > c<p(M) and the unitary representation \ v : R —>• c^(M) satisfy the 
covariance relation 

Xi P (t)Tr lfi (x)X v ,(t)* = n v ,(af(x)) for all x £ M and all t £ R. 

Put L (/ ,(R) = A ¥ ,(R)". There is a unique faithful normal conditional expectation E L : 
c^(M) —>• L </5 (R) satisfying E L ( R )(7r ¥ ,(x)A ¥ ,(t)) = ip(x)X^(t). The faithful normal semifinite 
weight defined by / H > f R exp(— s)f(s) ds on L°°(R) gives rise to a faithful normal semifinite 
weight Tr^ on L (/ ,(R) via the Fourier transform. The formula Tr^, = Tr^ oEl ( R ) extends it to 
a faithful normal semifinite trace on c p(M). 

Because of Connes’s Radon-Nikodym cocycle theorem |Co72l . Theoreme 1.2.1] (see also ITa()31 
Theorem VIII.3.3]), the semifinite von Neumann algebra c^(M) together with its trace Tr^, does 
not depend on the choice of <p in the following precise sense. If is another faithful normal 
state on M, there is a canonical surjective ^-isomorphism II^ : c^(M) —> c v (M) such that 
11^ 071 ^ = 71 ^ and Tr v o 11^ = Tr^,. Note however that II^ does not map the subalgebra 
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L^(R) C c ip(M) onto the subalgebra L ¥ ,(R) C c v (M) (and hence we use the symbol L V ,(R) 
instead of the usual L(R)). 

In order to prove the asymptotic orthogonality property inside arbitrary free product von 
Neumann algebras (see Theorem 13.II belowl. we will use the following key simple lemma whose 
proof is similar to [MU12 1 , Proposition 2.8] using |HS901 Theorem 11.1], 

Lemma 2.1. Let (M,tp) be any diffuse a-finite von Neumann algebra endowed with a faithful 
normal state. For every 5 > 0, there exists a faithful normal state if £ M* such that \\^p— if\\ < 5 
and such that the centralizer M^ is diffuse. 

Proof. Write M = M.d © M c where Md is of type I with diffuse center and M c has no type I 
direct summand. The above decomposition gives <p = fd+Pc- By [HS901 Theorem 11.1] (which 
dates back to Connes-Stprmer’s transitivity theorem [CS78j h one can find a faithful normal 
positive linear functional <p' c € (M c )* such that ||^cll(M c ), = ||<Pc||(m c )*j \Wc~ Tc\\(m c ), < $ and 
(. M c )' Pc is of type Hi. Put if := <pd + <p' c and observe that if € M* is a faithful normal state. 
Then we have ||y? — iP\\m* = WTc ~ Tc\\(M c ) t < 5 and Z{Md) © {M c )^' c C . Therefore, the 
centralizer M^ is a diffuse von Neumann subalgebra (see e.g. [B1061 Theorem IV.2.2.3]). □ 

Popa’s intertwining techniques. To fix notation, let M be any cr-finite von Neumann alge¬ 
bra, 1 a and 1 b any nonzero projections in M, A C IaMIa and B C IbMIb any von Neumann 
subalgebras. Popa introduced his powerful intertwining-by-bimodules techniques in |Po01] in 
the case when M is finite and more generally in [Po03j in the case when M is endowed with 
an almost periodic faithful normal state ip for which 1a £ A C IaAI^Ia and Is £ 

B C l^M^l^. It was showed in [HV121 IUel2j that Popa’s intertwining techniques extend to 
the case when B is finite and with expectation in IbMIb and A C IaMIa is any von Neumann 
subalgebra. 

In this paper, we will need the following generalization of [Poflll . Theorem A.l] in the case when 
A C IaMIa is any finite von Neumann subalgebra with expectation and B C IbMIb is any 
von Neumann subalgebra with expectation. 

Theorem 2.2 ( [HI15L Theorem 4.3]). Let M be any a-finite von Neumann algebra, 1 a and 
1 b any nonzero projections in M, A C IaMIa and B C IbMIb any von Neumann subalge¬ 
bras with faithful normal conditional expectations : IaMIa —> A and E b '■ IbMIb —» B 
respectively. Assume moreover that A is a finite von Neumann algebra. 

Then the following conditions are equivalent: 

(1) There exist projections e £ A and f £ B, a nonzero partial isometry v £ eMf and a 
unital normal *-homomorphism 9 : eAe —> fBf such that the inclusion 9(eAe) C fBf 
is with expectation and av = v8(a) for all a £ eAe. 

(2) There exist n > 1, a projection q £ M n (£>), a nonzero partial isometry v £ (1 aM © 
Mi,n(C))g and a unital normal *-homomorphism n: A —>■ qNL n (B)q such that the 
inclusion i t(A) C qM. n {B)q is with expectation and av = wk (a) for all a £ A. 

(3) There exists no net of unitaries in U(A) such that E B(b*Wia) -» 0 a-strongly 

as i —^ oo for all a,b £ IaMIb- 

If one of the above conditions is satisfied, we will say that A embeds with expectation into B 
inside M and write A p<m B. 

Moreover, [HI 151 Theorem 4.3] asserts that when B C IbMIb is a semifinite von Neumann 
subalgebra endowed with any fixed faithful normal semifinite trace Tr, then A B if and 
only if there exist a projection e £ A, a Tr-finite projection / £ B, a nonzero partial isometry 
v £ eMf and a unital normal ^-homomorphism 9 : eAe —>• fBf such that av = v9(a) for all 
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a £ eAe. Hence, in that case, the notation A B is consistent with |IJel2l Proposition 3.1]. 
In particular, the projection q £ M n (B) in Theorem 12.21 (2) is chosen to be finite under the 
trace Tr®tr n , when B is semifinite with any fixed faithful normal semifinite trace Tr. We refer 
to [HILT Section 4] for further details. 

We say that a c-finite von Neumann algebra P is tracial if it is endowed with a faithful normal 
tracial state r. Following [,Io82l iPP84| . a unital inclusion of tracial von Neumann algebras 
A C (P, t) has finite Jones index if dinu 4 (L 2 (P, t)a) < +oo with the Murray-von Neumann 
dimension function dim^ determined by r. Following |Va07l , Appendix A], a unital inclusion of 
tracial von Neumann algebras A C (P, t) has essentially finite index if there exists a sequence 
of nonzero projections (p n ) n in A' (1 P such that the unital inclusion of tracial von Neumann 
algebras Ap n C (p n Pp n , T ( p fi p A ) has finite Jones index for all n £ N and p n —> 1 u-strongly 

T \Pn) 

as n —>• oo. 

We will need the following technical lemma about how the intertwining technique behaves with 
respect to taking subalgebras of essentially finite index. 

Lemma 2.3 ( [Va07l . Lemma 3.9]). Let M be any a-finite von Neumann algebra, 1 p and 1 b 
any nonzero projections in M, P C lpMlp and B C IbMIb any von Neumann subalgebras 
with expectation. Assume moreover that P is a finite von Neumann algebra and A C P is a 
unital von Neumann subalgebra of essentially finite index. Then A B implies P -<m B. 

Proof. This result is [Va071 Lemma 3.9] when the ambient von Neumann algebra M is finite 
and its proof applies mutatis mutandis to our more general setting. □ 

We will moreover need the following two technical lemmas about intertwining subalgebras inside 
continuous cores. 

Lemma 2.4. Let (M, p ) be any a-finite von Neumann algebra endowed with a faithful normal 
state. Let q £ M^ be any nonzero projection and Q C qMq any von Neumann subalgebra that 
is globally invariant under the modular automorphism group a Pq of p q = Denote by Eq 

the unique p q -preserving conditional expectation from qMq onto Q. 

Then for every nonzero finite trace projection p £ c^(M) and every net in Ball(M) such 

that lirri, E Q{b*Uia) = 0 a-strongly for all a,b £ Mq, we have 

!im \\P Cv , q (Q){y* P 7 v('Mi)px)|| 2 = 0 ,Vx,y £ pc ip (M)Tr ip (q). 

In particular, for any faithful normal state if £ M*, any nonzero projection r £ , any von 

Neumann subalgebra R C rM^r satisfying R ^m Q an d any finite trace projection s £ L^(R), 
we have 

II c p q m 

Proof. The proof is essentially contained in [IBHR12 , Proposition 2.10] (see also 111! 10, Propo¬ 
sition 5.3]). Simply denote by Tr = Tr^ the canonical trace on c ip (M) and by || • H 2 the L 2 -norm 
with respect to Tr. Let x,y £ Ba\l(pc v> (M)n v ,(q)) be any elements. Fix an increasing se¬ 
quence ( Pm)m of finite trace projections in L ¥ ,(R) such that p m —>• 1 cr-strongly. Observe that 
PmK<p(q) = T p(q)Pm for all m £ N, since q £ MA 

Let e > 0. Since Tr(p) < + 00 , we may choose m £ N large enough such that 

(2-1) II px - pxp m || 2 + || y*p - p m y*ph < |- 

Observe that the unital *-subalgebra 

( ^ 

A ■■= < ^2 : n > l,ai,... ,a n £ M,t±,... ,t n £ R 

li=i 
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is c-*-strongly dense in c V (M). Using Kaplansky’s density theorem and since Tr (p m ) < +oo, 
there exist xo,yo £ Ball(^,7r ¥ ,(g)) such that 

(2.2) \\pxpm - Xop m \\ 2 + \\p m y*P - PmVoh < 

Using m and (J2T2]) , for all z 1 5 wg havG 

(2.3) 11 E C( p 9 (Q)(y* P 77 ^ ( u i)px) W 2 < \\^ q {Q){Pmyo^ip(ui) x 0 p m )\\2 + S. 

Write xq = X^ =1 aR d Vo = X)fc=l MMM4) for some dj,b k £ Mq and tj,t' k £ 

R. Since 

^-‘c lpq (Q)(Pm'yo ^^p{ u i) x 0Pm) = ^ (Eq (b k Uidj )) {tj)p m 

j,k 

and since lirii, E Q(b* k UiCLj) = 0 a-strongly for all j, k and since Tr (p m ) < + 00 , we obtain 
(2-4) lim\\E Cvq{Q) (pmyo ^(ui) x 0 p m )\\ 2 = 0. 

Then 112.31) and (12.41) imply that limsupj \\Ej Cq> ^Q^{y* pir^iu^px)^ < e. Since e > 0 is arbitrary, 
we finally obtain 

\\ E c Vq (Q){y*pn v (ui)p x )\\2 = 0 . 

Next, assume that if £ M* is any faithful normal state, r £ is any nonzero projec¬ 
tion, R C rM^r is any von Neumann subalgebra such that R ^m Q and s £ L^,(R) is any 
nonzero finite trace projection. By Theorem 12.21 there exists a net (vQj e j in U(R) such that 
lirrij \\FjQ{b*Vja)\\ v = 0 for all a,b £ rMq. Recall that II^ o = 1 and Tr^ o = Tr^,. 
Put p = U^(s). The first part of the proof implies that lirrij ||E c ^ q [Q){y* ^^{vj)px )\\2 = 0 for 
all x,y £ pn l p(r)c l p(M)TT v ,(q). Since n v (vj)p = £ U{H ip ^{'K^{R)s)) for all j £ J, 

we obtain that H ip ^(tt^(R)s) c <f q (Q) by Theorem 12.21 □ 

Lemma 2.5. Let M be any a-finite von Neumann algebra and ip, if £ M* any faithful states. 
Let q £ Afb be any nonzero projection and Q C qMq any diffuse von Neumann subalgebra 
that is globally invariant under the modular automorphism group a^ q of f.’ cl = ' ■ Then for 

every nonzero finite trace projection p £ L^,(R), we have c^ q (Q) C c^(M) naturally and 

^-(p,ip{P c ip q {Q)p) 7^c v (M) MR). 

Proof. Denote by 2 E Z(Q) the unique central projection such that Qz is of type I and Qz 1 
has no type I direct summand. Observe that 2 : £ , tt^(z) £ Z(c^, q (Q)) and 

P^ q {Q)p =PCip q (Q)p M*) ® P c i> q (Q)pn-ii>(z L ) = pc i>z {Qz)p ® pc^ z ^(Qz L )p. 

Since Qz 1 - has no type I direct summand, pc^ A ( Qz 1 )p has no type I direct summand either. 
This follows from the fact that continuous cores are independent of states or even weights (due 
to Connes’s Radon-Nykodym cocycle theorem |ICo72l Theoreme 1.2.1]) as well as the fact that 
the continuous core of any type III von Neumann algebra must be of type 11^ (see [Ta03 , 
Theorem XII. 1.1]). Hence we have 

^-ip,1p{p^1pq {Q)P Ttip^Z )) V (M) MR). 

Since Qz is of type I and diffuse, Z(Qz) C Q^ q z = {Qz)^ z with if z := ' is also diffuse 
and hence Z(Qz) ^m Cl. Then Lemma 12.41 (with letting the Q there be the trivial algebra) 
implies that 

^^((Qb^W) V {M) MR). 

Combining the above two facts, we finally obtain that n v ^(pCip q (Q)p) L ¥ ,(R). □ 
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Amalgamated free product von Neumann algebras. For each i £ {1,2}, let B C Mi be 
any inclusion of u-finite von Neumann algebras with faithful normal conditional expectation 
E i : Mi —> B. The amalgamated free product (M, E) = (Mi,Ei) *b (M 2 ,E 2 ) is a pair of von 
Neumann algebra M generated by and M 2 and faithful normal conditional expectation 
E : M —> B such that Mi, M 2 are freely independent with respect to E: 

E(xi • ■ • x n ) = 0 whenever Xj £ M° and i\ ^ ■ ■ ■ 7 ^ i n . 

Here and in what follows, we denote by M° = ker(Ej). We refer to the product x\ - ■ ■ x n where 
Xj £ M° and i\ / • • • 7 ^ i n as a reduced word in M° • • • M° n of length n > 1. The linear span 
of B and of all the reduced words in Mf ■ ■ • M° where n > 1 and ii / ■ ■ ■ / i n forms a unital 
cj-strongly dense *-subalgebra of M. We call the resulting M the amalgamated free product 
von Neumann algebra of (Mi,Ei) and (M 2 ,E 2 ). 

When B = Cl, Ej = <Pi{-) 1 for all i £ {1,2} and E = </?(•) 1, we will simply denote by 
( M,ip ) = * (M 2 ,<£> 2 ) and call the resulting M the free product von Neumann algebra 

of (Ml<£>i) and (M 2 ,tp 2 ). 

When B is a semifinite von Neumann algebra with faithful normal senrifinite trace Tr and 
the weight Tr o Ej is tracial on Mj for every i £ {1,2}, then the weight Tr o E is tracial on 
M (see |Po90i Proposition 3.1] for the finite case and |Ue98al Theorem 2.6] for the general 
case). In particular, M is a semifinite von Neumann algebra. In that case, we will refer to 
(M, E) = (Mi, Ei) *b {M 2 , E 2 ) as a semifinite amalgamated free product. 

Let ip £ -B* be any faithful normal state. Then for all t £ R, we have af° E = af° El * af ° E2 
(see |IJe98al Theorem 2.6]). By |Ta03[ Theorem IX.4.2], there exists a unique tp o E-preserving 
conditional expectation Em, : M -A M\. Moreover, we have Em-i( x\ ■ ■ ■ x n ) = 0 for all the 
reduced words x\ ■ ■ ■ x n that contain at least one letter from M% (see e.g. [IJelOl Lemma 2 . 1 ]). 
We will denote by M ©Mi = ker(Ej^ 1 ). For more on (amalgamated) free product von Neumann 
algebras, we refer the reader to jBHR12[ IPo90l IUe98a[ lUelOl IUel2[ IVo85[ lY~DN92| . 

Lemma 2.6. For each i £ {1,2}, let B C Mj be any inclusion of a-finite von Neumann 
algebras with faithful normal conditional expectations Ej : Mj —v B. Denote by (M, E) = 
(Mi, Ei) *b {M 2 , E 2 ) the amalgamated free product. 

Let £ M* be any faithful normal state such that ip = ip o E M\- Let {uj)j & j be any net in 
Ball((Mi)^) such that linij Fi\{b*Uja) = 0 a-strongly for all a,b £ M\. Then for all x,y £ 
M © Mi, we have that lirrij E M\{y*Ujx) = 0 a-strongly. 

Proof. We first prove the u-strong convergence when x, y £ M\M% ■ ■ ■ MfM\ are words of the 
form x = ax'c and y = by'd with a,b,c,d £ Mi and x',y' £ Mf ■ ■ ■ Mf. By freeness with 
amalgamation over B, for all n £ N, we have 

E Ml {y*Ujx) = E Ml {d*y'* b* Uj ax'c ) = F Ml {d*y'*F 1 {b*u j a)x'c). 

Since linij Ei {b*Uja) = 0 cr-strongly, we have lirrij EM 1 {y*Ujx) = 0 u-strongly. 

Recall that ip = ip o Emi ■ We next prove the u-strong convergence when x £ M © Mi is any 
element and y £ M\ Mf ■ ■ ■ MlfMi is any word as above. Indeed, we may choose a sequence 
( Xk)k , where each Xk is a finite linear combination of words in M 1 M 2 • • • ALfM \, and such that 
linifc^oo ||x — Xk\\i/j = 0. Then by triangle inequality, for all j £ J and k £ N, we have 

W^M^Ujx)^ < \\E Ml {y*UjX k )\\^ + ||E Ml {y*Uj{x - x k ))\\^ 

< \\E Ml {y*UjX k )\\^ + \\y*u n {x - x k )\\^ 

< W^M^UjXk)^ + ||y||oo||a: ~ x k \\^. 

The first part of the proof implies that limsup^ \\E]\i 1 {y*Ujx)\\ j, < || 2 /||oo||a 7 — iCfcll© for all k £ N 
and hence linij \\EM 1 {y*Ujx)\\^ J = 0 . 
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Recall that ip = ip o Eand hence of (M \) = M\ for all t G R. We next prove the o'¬ 
Strong convergence when x G M © M\ is any analytic element with respect to the modular 
automorphism group c© and y G M Q M\ is any element. Indeed, we may choose a sequence 
(■ yk)ki where each y k is a finite linear combination of words in M\M £ • • • M%M\, and such that 
limfe-^oo || y* — y%\\ij} = 0. Then by triangle inequality, for all j G J and all k G N, we have 

\\ E M 1 (y* u jx)\\^ < W^MAVkUjx)^ + ||E Ml ({y* ~ Vk) u nx) ||v, 

< ||E Ml (^u i x)|| v , + ||(2/* - y* k )ujX ||^ 

= ||Ejvf 1 (y|u J x)||^ + || J M af / 2 (xyu*J M (y* - y* k ) ||y, 

= ll E M 1 (yfcWja;)IU + lkj/ 2 (*)l| 00 ||l/* -2/fcllb- 

The second part of the proof implies that limsup ; - ||Ejvf 1 (y*u J x)||^ < ||o _ i / 9 (®)||oo||y* — UkWi’ ^ or 
all k G N and hence linx,- \\F,M 1 (y*Ujx)\\ 1 p = 0. 

We finally prove the c-strong convergence when x,y G M © M\ are any elements. Indeed, 
we may choose a sequence ( x k ) k hr M © M\ of analytic elements with respect to the modular 
automorphism group a^ such that limfe-^oo \\x — x k \\y, = D. Then by triangle inequality, for all 
j G J and all k G N, we have 

\\^Mi(y*Ujx)\\^ < \\E Ml (y*UjXk)\\^ + ||Emi (y*uj(x - x k ))\\^ 

< \\E Ml (y*UjX k )\\^ + || y*Uj(x - x k )\\y, 

< \\^M 1 {y*UjX k )\\^ + ||y||oo||a; - x k \\^. 

The third part of the proof implies that limsup / 11E^j (y*Ujx) ||^ < || 2 /||oo||^ — arfcll -0 for all k G N 
and hence liirij ||EM 1 (y*Uj£c)||^, = 0. This finishes the proof of Lemma [2T6l □ 

The next proposition about controlling the (quasi)-normalizer of diffuse subalgebras inside 
free product von Neumann algebras will be very useful in the proof of Theorem 0 This is 
a variant of |IPP051 Theorem 1.1] and |Uel2l Proposition 3.3], but the proof uses an idea of 
|Va06l Lemma D3] and the previous lemma crucially. We point out that the first assertion also 
generalizes [UelOl Corollary 3.2] (with n = 1, n(x) = uxu* and v = u for u G U(A' n M) or 
Nm{A)). A more general, unified statement seems possible in the framework of amalgamated 
free products because the previous lemma is quite general, but the statements below fit the 
later use. 

Proposition 2.7. For each i G {1,2}, let ( Mi,<pi ) he any a-finite von Neumann algebra en¬ 
dowed with a faithful normal state. Denote by (M, yf) = (Mi, (p\) * (M 2 , ^ 2 ) the free product. 

(1) Let 1 q G Mi be any nonzero projection and Q C 1qM\1q any diffuse von Neumann 
subalgebra with expectation. For every n > 1, every (not necessarily unital) normal 
*-homomorphism n : Q M n (Mi) and every nonzero partial isometry v G (IqM © 
Mi i71 (C))7t(1q) such that xv = vir(x) for all x G Q, we have 

v G (IqMi © M lin (C))7r(lQ). 

(2) Let 1a G M be any nonzero projection and A C IaMIa any diffuse von Neumann 
subalgebra with expectation. For every n > 1, every (not necessarily unital) normal *- 
homomorphism it : A —>• M n (Mi) such that the inclusion tt(A) C 7 r(l J 4 )M n (Mi) 7 r(l J 4 ) 
is with expectation and every nonzero partial isometry v G (l J 4M©Mi ]n (C))7r(l 9 i) such 
that av = vir(a) for all a G A, we have 

v*v G 7r(l 9 i)M n (M 1 )7r(l 9 i) and v*Ni a mi a (A)"v C v*vM. n (Mi)v*v. 

Proof. (1) As in the proof of Lemma 12.II and since Q C IqMiIq is with expectation, we may 
choose a faithful normal state ip G M* such that ip = ip o E^i, 1 <5 G {Mf )^, Q C IqMIq 
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is globally invariant under the modular automorphism group a^ Q and Q^’ Q C 1q(M\)^1q is 
diffuse where ipQ := -^ . 

Let n, n,v as in the statement. Denote by tr n the canonical normalized trace on M rt (C) and 
write v = \v\ • • • v n \ £ (1 qM © Mi !n (C)) 7 r(lQ). For all x £ Q, since xv = vtt(x), we have 

xE Mn{Ml) (v) = E Mn(Ml) (xu) = E Mn(Ml) (u7r(x)) = E Mn(Ml) (u)7r(x) 

and hence 

( 2 -5) x (v - E Mn{Ml) (v)) = (v - E Mii(Ml) (u)) 7 r(x). 

Put w := v - E Mji(Mi )(u) £ (1 q(M © Mi) © M liTl (C)) 7 r(lQ) and write w = [w\ ■ ••«;„] with 
w \,..., w n £ Iq(MQMi). Fix a sequence of unitaries (■ u k ) k in U(Q^’Q) such that lim^oo u k = 0 
cr-weakly. By Lemma 12.61 we have 

n 

( 2 - 6 ) lim ||E Mn(Ml) (iuVw)||^<g > t r „ = lim \\^M^ w *i u k w j)\\% = 0 . 

rC rOO rC rOO 

i,j =1 

Using (12.511 and (12.611 and since n(u k ) £ U(n(Q)) and w*w £ n 7 r(lQ)M n (M) 7 r(lQ), we 

have 

!|E M „(Mi)(^*^)llv>Gtr„ = lim sup || 7 r(u fe )E Mn(Ml) (w*w) ||^® t r„ 

k—>oo 

= lim sup ||E M „(Mi)(7r(“fe) w*w)\\^ tln 

k —^OO 

= lim sup \\E Mn( ^ Ml) (w*w TT(u k ))\\^ tln 

fc—>-oo 

= ^ l|E Mn (Mi)(w* U k w)\\^ tln 
= 0 . 

This implies that w*w = 0 and hence w = 0. Thus v = E Mn (Af 1 )(u) £ (1qM\ ©Mi ]n (C)) 7 r(l<g). 
(2) We will be working inside the amalgamated free product von Neumann algebra 

M n {M) = © id n ) * M ,j(c) (M n (M 2 ),^ 2 <8> id n ), 

and substitute formula (E 2 D below for the assumption of item ( 1 ) that xv = vtt(x) for all x £ Q. 

Since it (A) C 7 r(l J 4 )M n (Mi) 7 r(l J 4 ) is a diffuse von Neumann subalgebra with expectation, 
we may choose, as in the proof of item (1), a faithful normal state ijj £ M n (M)* such that 
if} = i/>oE]yi n (Mi), tt(1a) £ and 7 r( J 4 )ri 7 r(l J 4 )M ri (Afi) 1 /: ’ 7 r(l j 4 ) is diffuse. Fix a sequence 

of unitaries (u k ) k hi n{A) fl7r(lA)M n (Mi)^7r(lA) such that limi ; _ > , 00 u k = 0 cr-weakly. For each 
k £ N, we may write u k = 7 r (a k ) with a unitary a k £ A. 

Let now x £ N\ a mi a {A) be any normalizing unitary element. Then for all a £ A, we have 

(2.7) v*xvtt( a) = v*xav = v*(xax*)xv = n(xax*) v*xv, 
and hence, as in the proof of item (1), for every k £ N we have 

(2.8) (v*xv - E Mri(Ml) (u*xu)) u k = 7 T {xa k x*) [v*xv - E Mri ( Ml )(v*xv)). 

Put w := v*xv — E Mri ( Ml )(' y *xu) £ 7 r(l^)(M n (M) © M n (Mi)) 7 r(L 4 ). Using (12.811 and Lemma 
12.61 and since ir(xakX*) £ U(tt(A)), we obtain, as in the proof of item ( 1 ), that 

ll E M„(M 1 )(«™*)IU = lim \\E Mn ^ Ml) (wu k w*)W^ = 0 , 

k—yoo 

implying that v*xv = E M n (M!)( v * xv ) G M n (Mi) and the desired assertion is immediate. □ 



10 


CYRIL HOUDAYER AND YOSHIMICHI UEDA 


Ultraproduct von Neumann algebras. Let M be any cr-finite von Neumann algebra. De¬ 
fine 

= {(x n ) n E £°°(N, M) : x n —> 0 ^-strongly as n —> cu} , 

M U (M) = {{x n ) n E £°°(N, M) : (x n ) n I ul (M) C Z„(M) and Z W {M) (x n ) n C Z^M)} . 

We have that the multiplier algebra A4 U (M) is a C*-algebra and Z Ld (M) C Ai u (M) is a norm 
closed two-sided ideal. Following [Oc85| . we define the ultraproduct von Neumann algebra M u 
by M^ = M U {M)/Z U) {M). We denote the image of (x n ) n E M U {M) by (x n ) u E M w . 

For all x E M, the constant sequence [x) n lies in the multiplier algebra AU(M). We will then 
identify M with (M +Z Ld (M))/Z Ld (M) and regard M C M u as a von Neumann subalgebra. The 
map —>• M : (x n ) u H > a- weak lim n _ ) . aj x n is a faithful normal conditional expectation. 

For every faithful normal state p E M*, the formula pH = p o defines a faithful normal state 
on M u . Observe that gf°{(x n )“) = lim n - Hll p(x n ) for all {x n ) u E M !jJ . 

Let Qclbe any von Neumann subalgebra with faithful normal conditional expectation 
Eq : M —> Q. Choose a faithful normal state p E M* such that ip = p o Eq. We have 
■£°°(N, Q) C i°°(N,M), Z^iQ) C Z U {M) and M U (Q) C M U (M). We will then identify 
Q u = M UJ (Q)/Z Ld (Q) with (M UJ (Q) +Z U] (M))/Z UJ (M) and regard Q u C M u as a von Neumann 
subalgebra. Observe that the norm |HI(¥>|q) w on Q u is the restriction of the norm || • ||^ to QH. 
Observe moreover that (Eg(x n )) n E Z^(Q) for all (x n ) n E Z U (M) and (E Q(x n )) n E M U (Q) 
for all (x n ) n E Therefore, the mapping Eq<^ : M u -A : ( x n ) u i-a (Eg(a: ri )) iJ is a 

well-defined conditional expectation satisfying <p u o Eq^ = p u . Hence, E : M u —> Q u is a 
faithful normal conditional expectation. 

Put ZL = L 2 (M). The ultraproduct Hilbert space ZL U is defined to be the quotient of t?°°(N, ZL) by 
the subspace consisting in sequences (£ n ) n satisfying lim n ^ w ||£ n ||% = 0- We denote the image 
°f (€n)n £ ^°°(N, ZL) by (£ n )u E ZL U . The inner product space structure on the Hilbert space ZL U 
is defined by ((£ n ) w , ( r] n )uj)'H u = linWwiCm r )n)u- The standard Hilbert space L 2 {M U ) can be 
embedded into HH as a closed subspace via the mapping L 2 (M UJ ) —> ZIP : i-a { xnf ^)^. 

For more on ultraproduct von Neumann algebras, we refer the reader to [AH121 [Qc85j . 

In Section [TJ we will need the following well-known fact about ultraproducts of semifinite von 
Neumann algebras. Let (M, Tr) be any semifinite cr-finite von Neumann endowed with a faithful 
normal semifinite trace. Then the ultraproduct von Neumann algebra M aJ is semifinite and the 
weight Tr o E w is tracial on M u (see AH 12 . Lemma 4.26]). 

In Appendix [A] we will need the following result about the centralizer (M^)^ of the ultra¬ 
product state p u . 

Proposition 2.8. Let ( M,p) be any cr-finite von Neumann algebra endowed with a faithful 
normal state and uj E /3(N) \ N any nonprincipal ultrafilter. 

(1) IfM ± Cl, then (M“)^ ± Cl. 

(2) If M is diffuse, then (M")* 1 " is diffuse. 

Proof. (1) Assume that M f Cl. If M^ Cl, then we also have [M u )^ Cl since 
M v c (M7“. If AU = Cl, then M is a type IIIi factor by [AH121 Lemma 5.3]. By |AH121 
Theorem 4.20], [M u )^ is a type Hi factor and hence (M“)^ Cl. 

(2) Fix a sequence (z n ) n of central projections in Z(M) such that z n = 1, Mzq has a diffuse 
center and Mz n is a diffuse factor for every n > 1. Observe that Z{Mzq) C M v zq and hence 
M*z 0 is diffuse. Next, fix n > 1 such that z n 0 and put p Zn = E (Mz n )*. If Mz n 

is a semifinite factor, then z n = Mz n ) Vzn is diffuse. If Mz n is a type III^ factor, with 

0 < A < 1, then M v z n = (Mz n ) Vzn is diffuse by jOo72l Theoreme 4.2.1 and Theoreme 5.2.1], 
If Mz n is a type IIIi factor, then = ((M z n ) u ) v ^ri is a type III factor by [ AH12 . 
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Theorem 4.20]. We finally obtain that (M")*’" z n = (( Mz n ) u )^n is diffuse for all n and hence 
(M w )^ is diffuse. □ 


3. Asymptotic orthogonality property 

The phenomenon of asymptotic orthogonality property inside free group factors was discovered 
by Popa in his seminal work [Po831 Lemma 2.1]. The main result of this section is the following 
optimal asymptotic orthogonality property result inside arbitrary free product von Neumann 
algebras. To fix notation, for each i £ {1,2}. let (Mj, ipi) be any u-finite von Neumann algebra 
endowed with a faithful normal state. Denote by (M, ip) = (Mi, (p\)* (M 2 , ^ 2 ) the free product. 
As usual, denote by E^i : M — >• Mi the unique ^-preserving conditional expectation. Let 
Q C Mi be any diffuse von Neumann subalgebra with expectation. Fix a faithful state £ M* 
such that of (Q) = Q and of (Mi) = Mi for all t £ R. Observe that if) = ip o Em 1 ■ 

Theorem 13.11 below is a simultaneous generalization of [Uelfli Proposition 3.5] (which only 
deals with y £ ker((/? 2 )) and [Hol4l Theorem 3.1] (which requires the centralizer (Mi ) tfil to be 
diffuse). 

Theorem 3.1. Keep the same notation as above. For all x £ Q' n M w and all y, z £ M © Mi, 
the vectors 

y(x - E M “ (x))^w , (yE M “ (x) - E M “ {x)z)^ and (E M “ (x) - x)z ^ 

are mutually orthogonal in the standard Hilbert space L 2 (M UJ ) where is the canonical 

representing vector of the ultraproduct state . 

Proof. The proof of Theorem 13. II is a reconstruction of [Hol4l Theorem 3.1] and the new input 
is the ‘state replacement’ procedure developed in [UelOj . 

Let (M“, L 2 (M^), J AIU1 , ) be the standard form of the ultraproduct von Neumann algebra 

M“, which is known to be obtained from the standard form (M, L 2 (M), , fJJ M ) of the original 
von Neumann algebra M in a rather canonical fashion (see [AH 12, Corollary 3.27]). It suffices 
to prove, instead of the original assertion, that, for all z' £ M 0 Mi with the given x, y in the 
original assertion, the vectors 

y(x - E M “ Or))&/>“> (z/Ejtff (x) - J mu z'J mu, Em?(x))^ and J M “z' J 11 " (E M f (x) - x)£^> 

are mutually orthogonal in the standard Hilbert space L 2 (M £J ). In fact, by a standard approx¬ 
imation argument we may and do assume that the given z in the original assertion is analytic 
with respect to the modular automorphism group o^. By .All 12 . Theorem 4.1] together with 
[ Ta03l Lemma VIII.3.18 (ii)], we have 

E m?{x)z^u = J M “ of / 2 (z)* J M “ E M ^(x)^, 

(Ejiij" (x) - x)z^w = J M “ ofj 2 [z)*J M “ (Em“ {x) - x)^, 

so that the above new assertion immediately gives the desired one. 

For all i £ {1, 2}, denote by A* C Mj the o -weakly dense unital *-subalgebra of all the analytic 
elements in Mj with respect to the modular automorphism group o^ i and write A° := Aj n M° 
with the standard notation M° := ker(</?j). As in the proof of [HoL4l Theorem 3.1], we may and 
will assume that the elements y and z’ are analytic with respect to the modular automorphism 
group o v and y and of 2 (z')* are finite sums of reduced words wi,. .. ,wg and w[,... ,Wp in 
A 1 A 2 • • • A 2 A 1 , respectively. Unlike usual, we call an element in M 1 Mf ■ ■ ■ Mf M\ a reduced 
word in what follows. 

Let V be the finite dimensional subspace of M\ obtained by looking at the letters coming from 
U {1} appearing in y in the same fashion as in the proof of [Hol4[ Theorem 3.1]. Namely, 
V is the linear span of the following Ai-letters: 
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• the leftmost Ai-letters of the reduced words Wi,w*, 1 < i < t\ 

• the rightmost .Ai-letters of the reduced words w' i ,aP(w'*). : 1 < i < £': 

• the leftmost Ai-letters of all the reduced words appearing in the elements w*Wj, 1 < 

i,j < t', 

• the rightmost Ai-letters of all the reduced words appearing in the elements w , i cr v ^ i (wj*'), 

1 < i,j < if. 

Choose an orthonormal basis ei,...,e m of V with respect to the inner product (a^)^ : = 
ipi(b*a) on Mi. Denote by W the range of the mapping a £ M\ \->• a — X^2=i( a l e *)</u e * £ Mi. 
It follows that Mi = V + W is an orthogonal decomposition with respect to the inner product 
defined on M\ as above. 

Let Sj be the direct sum of all the alternating tensor products in L 2 (Mi)° and L 2 {M 2 )° 
starting and ending with L 2 (M 2 )°. Here L 2 (Mj)° denotes the orthogonal complement of the 
canonical representing vector £ Vi £ ipof the given state (pi. Thanks to *—alg(Mi,M 2 ) = 
M\ + span(MiM 2 • • • M£ M \) together with the formula of modular conjugation (see [Ue98a . 
Proposition II-C]), the standard Hilbert space L 2 (M) is naturally identified with L 2 (Mi) © 
L 2 (Mi) <g> Sj 0 L 2 (Mi) as Mi-Mi-bimodules. Decompose L 2 (Mi) <g> Sj © L 2 (Mi) into three 
subspaces Ki,K. 2 ,C defined by 

>Ci ■■= (^i)®^®L 2 (Mi), 

IC 2 ■= (Wt7i) 

C:= (W^). 

It is clear that these subspaces are generated by 

VMl ■ ■ • M|M^, 

WM° ■ • • M°V^, 

WM% ■ ■ ■ M%W£ V , 

respectively, in L 2 (M), where is the canonical representing vector of the free product 

state <p. Remark that the direct summand L 2 (Mi) in L 2 (M) is given by M\ M = M\ P, thanks 
to ^ o Emi = V’ ( see e.g. (Ko 88 i Appendix I]). 

Let 5 > 0 be arbitrarily chosen. By Lemma 12.11 choose a faithful state <pi £ Q * such that 
HV’Iq — || < 5 and Q^ 1 is diffuse. Denote by Eq 1 : Mi -A- Q the unique ^-preserving 
conditional expectation and put cp ■= 4>i ° E q 1 o Emi • Then we have (p = <j> o Emi , Q^ is diffuse 
and \\ip — 4>\\ = \\iP\q — (pi\\ < 5 so that the canonical representing vectors £,/,,£</, £ *p M of the 
states ip,(p satisfy ||£^ — (M) < (5 1 / 2 by the Araki-Powers-Stprmer inequality (see }Ta03 , 

Theorem IX.1.2 (iv)]). In what follows, we denote by Px the orthogonal projection from L 2 (M) 
onto a (closed) subspace X. 

Let (x n ) n £ M W (M) such that x = (x n ) w with C := sup n Hx^Hoq. Then for all n £ N and all 
i £ { 1 , 2 }, we have 

(3- 1 ) \\ P ICi x ntiil>\\i?(M) < CSl/2 + l|Efci*n^|lL 2 (M)- 

For a while, we will be working with \\PKi^n^4>\\i, 2 (M) by the same method used in the proof 
of |Hol41 Theorem 3.1]. Since Q^ is diffuse, we can choose a unitary u £ U{Q^) such that 
lim^-i-oo u k = 0 a-weakly. Consider the unitary transformation T : L 2 (M) —> L 2 (M) : p —» 
u J M uJ M i =: u ■ £ • u*. Observe that since u £ U(M^) and hence [u, = 0, for all n £ N, all 

i £ {1, 2} and all k £ Z, we have 

(3.2) T k P/CiXn^ = u k • ( PfZiXn£</>) ■ u~ k = P u k , K .. u -kU k x n u~ k ^ = P T k K .u k x n u~ k 
Here is a simple claim, which is just a reconstruction of Claim 1 of [Hol4l §3]. 
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Claim. For any e > 0, there exists ko £ N such that for all i £ {1,2}, all £,77 £ JCi and all 
k > ko, we have |(T fc £, ??) L 2 (M) | < e|kll L 2 (M) IMIl 2 (m)> that is > Tk ^% -U in the sense of 
[Hol2al Definition 2.1]. 

Proof of the Claim. Denote by J Ml the modular conjugation on L 2 (Mi). For f = YT= i( e i£vi)® 
fi, 77 = Y^jLifejZvn) ® G ^1 inside L 2 (Mi) <g (f) <g> L 2 (Mi)), we have 

771 

l( rfc £D7>L 2 (M)l < X] K^ol^W II&IIl 2 (m) IMIl 2 (m) 

*d=i 

< 1 ^‘^ m l(“ fce *l e i)^il x II^IIl 2 (m) II ? ?IIl 2 (m)- 

Similarly, for f 1 = YaLi & ® ( e i£<pi ), v' = Y]Li T lj ® ( e j^i) G ^2 inside (L 2 (Mi)<g>.f))<g>L 2 (Mi), 
we have 

m 

\(T k f',r]')h 2 (M)\ — II^IIl 2 (M) ll r ?illL 2 (M) l( u k J Mle j€<pi>J Mle i£v>i)l, 2 (M 1 )\ 

i,j=1 

— jMle *^i)L 2 (Mi)l X II? , |Il 2 (M) IIVIIl 2 (M)• 

These two facts together with limfe_^±oo ' ,jk = 0 u-weakly imply the desired assertion. □ 

Combining Equation (13.21) with the parallelogram law, for all n £ N, all i £ {1,2} and all 
k £ Z, we have 

||-P/Ci a; n^|lL 2 (M) = PK,i X nf,<j> IIl 2 (M) 

— 2||(u X n U — ®n)C</>|lL 2 (M) 2||F}rfc^; i X rl ^0|| L 2 ( M ). 

Thanks to this and the above Claim and since x £ the e-orthogonality technique from 

[Hol2al Proposition 2.3] works to show that lim,,^^ 117^^ 11 l 2 (a^) = 0 in the same way as 

in the proof of Claim 2 in |Hol41 §3]. Consequently, we have lim^-^ ||-P/Q£n£i/'llL 2 (M) < C5 1 / 2 . 
Since 5 > 0 can be arbitrarily small, we finally obtain 

(3.3) hhn ||IIl 2 (m) = 0 ,Vi £ {1,2}. 

It is standard, see |AH12i Theorem 3.7], that L 2 (M U ) is embedded into the ultraproduct 
Hilbert space L 2 {M) U) by (a n ) w ^ i-A (o„^) w for ( a n ) u £ M u with representing sequence 
(a„) n £ Remark that the other mapping (a n ) u ^u i-a (a n ^) u gives exactly the same 

embedding since we already fix the choice (or realization) of standard forms. By (13.31) together 
with A1112 . Proposition 3.15, Corollary 3.27, Corollary 3.28], we obtain 

y{x - E M ”(x))^u = (yPcXn^Y , 

{yE M ?(x) - J MU z'J MU, E M ?(x))^ = {(yE Ml (x n ) - J M z , J M E Ml (x n ))^) u , 
J m “z'J mu (E M ?(x)-x)^ = {-J M z'J M P c x n ^) u 

inside L 2 {M) U . Note that yPcx n £ip sits in the closed linear span of WjWMf ■ ■ ■ M 2 W^, 1 < 
i < £, and J M z'J M Pcx n sits in the closed linear span of WMf ■ ■ ■ 1 < j < 

P. Moreover, note that ( yEM 1 (x n ) — J M z'J M EM 1 {x n ))f t ^ £ (y + J M z'= (y + 
J M z'J M )Mi£ tip ( n.b. ip = ipoE Ml ) as well as that J M z'J M h^ v = ba^ 2 (z / )*^ ip for every b £ M\ 

by [Ta031 Lemma VIII.3.18 (ii)]. This shows that (yE^ (a; re ) — J M z'J M E m 1 (x u ))^ sits in the 
closed linear span of ( WiM\ + 1 < * < £ and 1 < j < H!. 

Observe that the choice of V makes the subspaces WiWM 2 ■ ■ ■ M 2 WWM 2 ■ ■ ■ MfW 
(w l M 1 + MiWj)£tp mutually orthogonal for all 1 < i < l and all 1 < j < l'. This can 
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easily be checked exactly in the same way as in Claim 3 of [Hol41 §3] (which looks compli¬ 
cated but not difficult). Therefore, (yEj\/^(x) — J M “z'J M 'Em^{x))L > ^u and 

J MU1 z' — x)^u are mutually orthogonal in L 2 (M U> ). This finishes the proof of 

Theorem 13.11 □ 


4. Proofs of Theorem m and Corollary m 

A key deformation/rigidity result for semifinite von Neumann algebras. Theorem 
14. II below relies on Popa’s deformation/rigidity theory iPoOl 1 fPo031 lPo06| and is an adaptation 
of Peterson’s L 2 -rigidity results [PeOGi Theorems 4.3 and 4.5] for semifinite von Neumann 
algebras using Popa’s malleable deformations instead of Peterson’s L 2 -derivations. 

Recall from [Po03l, IP 0 O 6 ] that for any inclusion A4 C A4 of semifinite von Neumann algebras 
with trace preserving conditional expectation, a trace preserving action R —> Aut(Af) : £ 1-0 0* 
is called a malleable deformation if there exists a period two trace preserving ^-automorphism 
fi G Aut(A4) such that fioQ t = o/3 for all t G R. Denote by E: M. —> A4 the unique trace 

preserving conditional expectation. We will simply denote by || • H 2 the L 2 -norm associated with 
the ambient faithful normal semifinite trace. By IPoOfil Lemma 2.1], any malleable deformation 
automatically satisfies the following transversality property. 

II® - 0 2t (x)\\ 2 < 2||0 t (x) - E M mx))\\ 2 yx G M n L 2 (Af, TV). 

The main result of this subsection is the following uniform convergence theorem for malleable 
deformations. 

Theorem 4.1. Let B C M C A4 be an inclusion of semifinite von Neumann algebras with 
trace preserving conditional expectations. Let R — > Aut(A4) : t ha- Q t be a trace preserving 
malleable deformation. Let p G A4 be any nonzero finite trace projection and Q C pA4p any 
von Neumann subalgebra. Assume that the following conditions hold: 

(i) The pMp-pXip-bimodule L 2 (pM.p) 0 L 2 {pMp) is weakly contained in the coarse pM.p- 
pMp-bimodule L 2 (pMp) (g) L 2 (pMp). 

(ii) The von Neumann algebra Q has no amenable direct summand. 

(iii) There exists a nonprincipal ultrafilter oj G /3(N) \ N such that Q' D {pMp) u ^ m " £>“• 

(iv) Denote by Eg : A4 — > B the unique trace preserving conditional expectation. For every 
net ( Vi)i<zi of unitaries in U(pXip) satisfying lirn,; \\F^(b*Via)\\ 2 = 0 for all a,b G pM., 
we have Imp \\FM(d*Vic)\\ 2 = 0 for all c,d£ p(A4 0 M). 

Then the map R -0 Aut(Af) : 1 1 —> Ot converges uniformly on Ball(Q) in || • H 2 as t —> 0. 

Proof. Put V = Q! C(pMp) u . For every t G R, define Of G Aut(A4 w ) by Of^Xn)^) = (0t(x n )) UJ . 
We note that the map R -0 Aut(AD) : t 1-0 Of need not be continuous. However, exploiting 
Popa’s spectral gap argument [Po06l . we can show the following uniform convergence result. 

Claim. The map R -0 Aut(A4 tJ ) : 1 1-0 Of converges uniformly on Ball('P) in || • H 2 as t — > 0. 

Proof of Claim. For the Claim, we will only use Conditions (i), (ii). Assume by contradiction 
that the map R -0 Aut(AR) : t h 0 Of does not converge uniformly on Ball('P) in || • H 2 as 
t —> 0. Thus there exist c > 0, a sequence (t k ) k °f positive reals such that lim*. t k = 0 and a 
sequence (X k ) k hi Ball('P) such that \\X k — 0f tk (X k ) 11 2 > 2c for all k G N. Write X k = (x^) u 
with Xn ) G Ball (pMp) satisfying lim n _^ || yx^ - Xn\|| 2 = 0 and 2c < \\X k - 0f tk (X k )\\ 2 = 
limn^ \\xn' > ~ 0 2 t k (xn' > )|| 2 for all k G N and all y G Q. 
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Denote by I the directed set of all pairs (J 7 , e) with T C Ball(Q) finite subset and e > 0. Let 
i = (JF,£) G / and put 5 = min(|, |). Choose k G N large enough so that \\p — 9 tk (p)\\ 2 < <5 and 

\\a — dt k (a )\\2 < e /6 for all a G J 7 . Then choose n G N large enough so that ||x i fe) - 02 t fc Oci fc) )||2 > 
c and ||axi^ — x^a \\2 < e/3 for all a G T. 

Put ii = 6 tk (xn^) - E M (9 tk (xn ) )) G L 2 (.M) © L 2 (.M) and rji = p&p G L 2 (pMp) © L 2 (pAdp). 
By the transversality property of the malleable deformation (0t), we have 


lie 


i 2 


> ^||4f° ~^ 2 t fc (®. 


2 > 




1 2 < 2\\p — 9 tk {p)\\ 2 < 25. Since p G M, by Pythagoras 


-©II 2 

Si|l2 


Observe that \\p9 tk {xn^)p - 0t k {x y r , 
theorem, we moreover have 

IK(®b ) )p - M4 fe) )lli = l|Ex(pM4 fc) )p - M4 fe) ))lli + 

and hence \\rji — ^ ||2 < 25. This implies that 

\\ilih > Mill* ~ II Vi - e*ll2 > 2~25 > 

For all x G pMp, we have 

\\xruh = ||(1 -V M )(x9t k (x i n ) )p)h < ll^t fc (4 fc) )p||2 < IM| 2 - 

By Popa’s spectral gap argument [ Po06 j. for all a G T C Ball(pAfp), we have 
\\aVi ~ rna\\ 2 = ||(1 -E M )(a9 tk (x^)p - p9 tk (x^)a)\\ 2 

< \\a9 tk (xW)p - p9 tk (x { V)a\\ 2 

< 2 l|a - 9 tk (a)\\ 2 + 2\\p - 9 tk (p)h + \\ax^ — a:^ fc) a ||2 
£ £ £ 

-3 + 3 + 3 =£ ' 

Hence rj % G L 2 {pM.p) ©L 2 (pMp) is a net of vectors satisfying limsupj 11a?77i11 2 < ||®||2 for all 
x G pAip, liminfj 11 77 ^11 2 > § and liirij 11 0 . 77 ^ — 77 *a11 2 = 0 for all a G Q. By Condition (i), it follows 
that Q C pAip has an amenable direct summand by Connes’s characterization of amenability 
[Co75j for finite von Neumann algebras (see also |Iol21 Lemma 2.3]). This is a contradiction 
to Condition (ii) and finishes the proof of the Claim. □ 


Next, we use an idea due to Peterson I I’d H i in combination with the above Claim to bring 

down the uniform convergence to Ball(Q). In what follows, we will use Conditions (iii),(iv). 

2 

Let £ > 0. By the above Claim, there exists to > 0 such that \\v — 9^{v)\\ 2 < for all v G U(V) 
(recall V = Q! n {pM.p) u ) and all t G [—to,^o]- Fix x G Ball(Q) and t G [—to, to]- We will show 
that \\x - 9 2t (x)\\ 2 < £. 

Denote by I the directed set of all pairs (J 7 , 5) with T C Ball(p.A/f) finite subset and 5 > 0. Fix 
i = (J 7 , 5) G I. By Condition (iii), we have that V ^■ This implies, in particular, that 
there exists a unitary u G U(V) such that ||Eg^( 6 *ua )||2 < 5 for all a, b G T. Since pMp is a 
finite von Neumann algebra, we may write u = (n n ) w G U(V) for some (u n ) n G T x> (N,p.A/fp) 
such that u n G U(pJAp ) for all n G N. Observe that lim^-^ || u n x — xu n ||2 = \\ux — xu\\ 2 = 0, 
\\Eb*( b*ua )\\2 = lim^-^ ||E e ( 6 *u n a )||2 < 5 for all a, b G T and ||u - 9f(u )|| 2 = lim n _ >u; ||it n - 
9t(u n ) H 2 - Thus, there exists n G N large enough such that := u n G U(pMp) satisfies the 
following properties: 

• ||ViX — xvi\\ 2 < 5 , 

• ||E^( 6 *r 7 ia) ||2 < 5 for all a, b G T and 

• ||ui - 9 t {vi)\\ 2 < ||u - 9%(u )|| 2 + jg<T- 
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Put 6t(y) = Ot(y) — E M(@t(y)) G M © M for all y G pMp. For all i G I. we have 

(4.1) ||£t(®)||| = ( 8 t (x), 8 t (x)) < \(5t(vixv*),8 t (x))\ + \\vixv* - x \\ 2 

< \(vi 8 t (x)v*, 8 t (x))\ + || Vixv* - x \\ 2 + 2|| v t - Q t (vi)h 

< \(viS t (x)v*, S t (x))\ + || v^v* ~x\\ 2 + 

Since linij ||E j g(t>*^a.)H 2 = 0 for all a, b G pA4, we have linij ||E - A 4 (d*'Ujc )|| 2 = 0 for all c,d £ 
p(Al 0 A4) by Condition (iv). In particular, using Cauchy-Schwarz inequality in L 2 (A4), we 
have 

(4.2) lirnsup \(vi5t(x)v *, 5t(x))\ = limsup \( 8 t (x)*Vi 8 t (x),Vi)\ 

i i 

= limsup \(E M ( 8 t (x)* Vi 8 t (x)),Vi)\ 
i 

< limsup ||E_/vi((p4t(x))* Vip 8 t(x ))\\2 ||v *||2 
i 

= 0 . 

Combining (14.111 and (14.211 with the first property of the net (uj)jg/ and the transversality 
property of the malleable deformation (Ot), we obtain 

II® - 02t(®)||2 < 2||dt(x)|| 2 < £■ 

Since the above inequality holds for all x G Ball(Q) and all t G [— to, to], we have obtained that 
the map R —> Aut(A4) : t 1 —>• 0 t converges uniformly on Ball(Q) in || • || 2 as t —>• 0. This finishes 
the proof of Theorem 14.11 □ 

As a corollary to Theorem 14.11 we obtain the following ‘location’ result for subalgebras in 
semifinite amalgamated free product von Neumann algebras. For each i G {1,2}, let B C Mi 
be an inclusion of a-finite semifinite von Neumann algebras with expectation E* : Mi —> B. 
Let Trg be a faithful normal semifinite trace such that the weight Trg o E* is tracial on Mi for 
all i G {1, 2}. Then the amalgamated free product (M, E) = (Mi, Ei) (Mi, Ei) is semifinite 
and the weight Tr = Trg o E is tracial on M as remarked in Section [2j 

Corollary 4.2. Keep the same notation as above. Assume moreover that B is amenable. Let 
p G M be any nonzero finite trace projection and Q C pMp any von Neumann subalgebra with 
no amenable direct summand such that Q' fl (pMp) u ^ mu> B u for some nonprincipal ultrafilter 
u G /3(N) \ N. 

Then for every nonzero projection z G Q! C\pMp, there exists i G {1, 2} such that Qz 0^4 Mi. 
Proof. Put 

M = M* b (B® L(F 2 )) 

and consider the trace preserving free malleable deformation ( 6 t) from jIPP05l Section 2] on 
M (see [BHR12 . Section 3] for further details). 

We now check that we can apply Theorem 14. II to our situation. 

(i) Since B is amenable, the pMp-pMp-h\m.od\\\e lf 2 (pMp)QE 2 (pMp) is weakly contained 
in the coarse pMp-pMp-him.odu\e L 2 (pMp) 0 L 2 (pMp) (see e.g. the proof of [ CH08 . 
Proposition 3.1]). 

(ii) By assumption, the von Neumann algebra Q has no amenable direct summand. 

(iii) By assumption, we have Q! fl (pMp) u ^ f° r some nonprincipal ultrafilter u G 

/3(N)\N. 
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(iv) Let (vi)izi be any net of unitaries in U(pMp ) such that lim, ||E,g(&*Uja )||2 = 0 for all 
a, b G pM. Since M = M *b (£> 0 L(F 2 )), the proof of [BHR121 Theorem 2.5, Claim] 
implies that Imp HEjvRrfTjc)]^ = 0 for all c, d G p(. M 0 M). 

Therefore, Theorem 14.11 implies that the map R —> Aut(A4) : t ha 9t converges uniformly on 
Ball(Q) in || • ||2 as t —> 0. Fix now any nonzero projection z G Q' C\pMp. We still have that 
the map R —>• Aut(A4) : t i—0* converges uniformly on Ball(Qz) in || • ||2 as t -A 0. Then, 

[BHR.12 , Theorem 3.3] implies that there exists i G {1,2} such that Qz Mi■ □ 

Proof of Theorem [A], Theorem lAl will be a consequence of the following optimal result that 
generalizes [HM4l Theorem D] to arbitrary free product von Neumann algebras. 

Theorem 4.3. For each i G {1,2}, let (Mi,<pi) be any a-finite von Neumann algebra endowed 
with a faithful normal state. Denote by (M,<p) = (Mi,</?i) * (M 2 , ipf) the free product. Let 

Q C M be any von Neumann subalgebra with separable predual and with expectation such that 

QnMi is diffuse and with expectation. Let u> G /3(N) \N be any nonprincipal ultrafilter on N. 

Denote by z G Z{Q' n M u ) the unique central projection such that ( Q' D M u )z is diffuse and 
(Q' (~l M ul )z 1 ~ is atomic. Then the following conditions hold: 

• zG Z(Q' n M) = Z(Q' n Ml), 

• Qz C zM\ z and 

• (Q' n M")* 1 - = (Q' n M)z ± = [Qf n M 1 )z ± . 

Throughout the rest of this section, let ( M,(p ) = * (M 2 , ^ 2 ) be as in Theorem 14.31 

Observe that Mi is diffuse by assumption. Proposition 12.71 (1) implies that (Mi)' fl M C M\. 
Therefore, there exists a unique faithful normal conditional expectation Emi : M —> M\ by 
]Co721 Theoreme 1.5.5]. We fix a nonprincipal ultrafilter ui G /3(N) \ N. 

For Lemmas 14.41 and 14.51 below, we moreover fix a faithful state if G M* such that if = if o E^i • 
Whenever q G M^ is a nonzero projection, put if q = ' £ ( qMq )*. 

Lemma 4.4. Let q G (Mj be any nonzero projection and Q C qMq any non type I subfactor 
with separable predual that is amenable and globally invariant under the modular automorphism 
group and such that Q H qM±q is diffuse. Then Q C qM\q. 

Proof. The proof of Lemma f4.4l is inspired by the one of [Hol2bl Theorem 8.1]. We will consider 
successively the cases when Q is of type IR, of type IIqo and of type III. 

Case type IR. Assume that q G (Mi)^ is any nonzero projection and Q C qMq is any type 
IR subfactor with separable predual that is amenable and globally invariant under the modular 
automorphism group and such that Q fl qM\q is diffuse. Then we have Q C qM\q. 

We start by showing the following claim. 

Claim. For any nonzero projection z G Z(Q' fl qMq), we have Qz Mi. 

Proof of the Claim. By contradiction, assume that there exists a nonzero projection z G Z(Q'n 
qMq ) such that Qz ^m AR. Since Q' fl qMq C qM\q by Proposition 12.71 111 and Q' D qMq C 
qM\q is globally invariant under the modular automorphism group a^ q , we have z G (MR^. 
Write Q = V n eN Qn where ( Q n ) n is an increasing sequence of finite dimensional subfactors of 
Q of the form Q n = IVRRC). Since the inclusion 

(Qn CQ)zcQz 0 Q' n n Q C Q 

( n.b. Q is a factor) has finite index, Lemma [2~3l implies that (Q' n fl Q)z ^m M\ for all n G N. 
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Then for every n £ N, choose a unitary u n £ U{{Q' n n Q)z) such that ||Ejvfi('Wn )||-0 < 

Since Qz is hnite with expectation, we have (u n ) n £ A4 U {zMz ) and hence we may define 
u = {u n ) w £ ( zMz) u = zM u z C ATT We then have u £ (Qz)' n {Qz) u and E m?{u) = 0 since 

= lim l|EiWi(u n )|lv> = 0. 

1 n^roj 

Observe that {Qz 0 zM\z) © z^Miz 1 - C Mi is a diffuse von Neumann subalgebra that is 
globally invariant under the modular automorphism group . Since u £ {Qz)' n {Qz) u , we 
have u £ {{Qz fl zM\z) © z^Miz 1 -)' fl ATT For all n £ N, since we moreover have uu n = u n u 
and u*u = z, Theorem 13.11 implies that 

||Em;l (ll'n) 11 E Mi (lln) ||i/>“ — || (EjVfi (Un) U n )u T u{u n Ejrq {u n )) ||^jw 

> ||tt (u n — Emi(uti))||^“ fuse Theorem l3Tl here) 

— II^IIV' llEjrfj {u n ) 

Observe that lim^^oo E^i(n n ) = 0 cr-strongly. By taking the limit as n -> oo in the above 
inequality, we obtain z = 0, a contradiction. This finishes the proof of the Claim. □ 

The set of projections r £ Q' 0 qMq = Q' O qM\q (by Proposition 12.71 (1)) such that 
Qr C rM\ r r attains its maximum in a unique projection z that belongs to Z{Q' O qMq) = 
Z{Q' O qM\q). (In fact, 93 is invariant under the adjoint action of U{Q' fl qM\q), and z : = 
V r g 9 i r £ Z{Q' O qMiq) must satisfy xz = Em 1 {x)z = zEm x {x)z for all x £ Q.) Assume by 
contradiction that z / q. Put z 1 - := q — z £ Z{Q' 0 qMq). By assumption, we have z 1 / 0. 

By the previous Claim, we have that Qz -<m M\. Then there exist n > 1, a projection 
p £ M n (Afi), a nonzero partial isometry v £ {z^M 0 Mi jn (C))p and a unital normal *- 
homomorphism it : Qz—> pM„(Mi)p such that the inclusion ir{Qz ■*■) C (AT \ )p is with 

expectation (see Theorem 12.21 due to the first named author and Isono [HI15] for this important 
property) and av = vn (a) for all a € Qz ± . By Proposition 12.71 (1), we obtain that v £ 
(z 1 -Mi 0 Mp n (C))p and hence vv* £ z ± {Q' fl qMq)z ± = z ± {Q' fl qM\q)z L and Qz 1 - vv* C 
vv* z 1 -Miz 1 -vv*. Since vv* < z 1 -, vv* / 0 and Q{z + vv*) C {z + vv*)M\{z + vv*), this 
contradicts the maximality of z £ Q’ D qM\q and finishes the proof in the case when Q is of 
type Hi. 

Case type IIoo- Assume that q € {M\ is any nonzero projection and Q C qMq is any 
type IIoo subfactor with separable predual that is amenable and globally invariant under the 
modular automorphism group and such that QC\qM\q is diffuse. Then we have Q C qM\q. 

Choose a faithful normal semifinite trace Tr on Q and write = Tr(T •) for some positive 
nonsingular operator T £ L 1 ((5,Tr) + (see e.g. [Ta03, Corollary VIII.3. 6 , Lemma IX.2.12]). 
Define the abelian von Neumann subalgebra B = {T lf : t € R}" C Q. Since af q = Ad {T lt ) for 
all t € R, we have Q^ q = B’ fl Q. Observe that since the inclusion Q n qM\q C Q is globally 
invariant under the modular automorphism group (T >lq , the diffuse von Neumann subalgebra 
Q n qM\q C Q is also semifinite and hence its centralizer {Q fl qM\q)^ q is diffuse (see e.g. 
jIJe98bl Lemma 11]). By Proposition 12.71 ill and since B is abelian, we have 

B C {Q^y n Q'h C {{Q n qMiqfi)' C Q** C Q** D qM iq = {Q C qM iq )^. 

For every k £ N, we denote by qk the spectral projection of T for the interval [i, +oo). Then 
all qk are Tr-hnite projections in B such that q^ —>• q, the unit of Q, u-strongly as k —>• oo. Since 
qk £ {Q 0 qM\q )v 9 , the type Hi subfactor qkQqk © ( lk,Mqk is amenable and globally invariant 
under the modular automorphism group a l!q k and qkQqk^qkMiqk = qt{Q r\qM±q)qk is diffuse. 
We may then apply the result obtained in the first case to the Hi subfactor qtQqk C qkMqk 
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and we have that qkQqk C qk.M\ qk for all k £ N. Since qk —>• q cr-strongly as k oo, we obtain 
Q C qM\q. This finishes the proof in the case when Q is of type IIqo. 

Case type III. Assume that q £ (Mf)^ is any nonzero projection and Q C qMq is any type 
III subfactor with separable predual that is amenable and globally invariant under the modular 
automorphism group a^ q and such that Q fl qM\q is diffuse. Then we have Q C qM\q. 

By combining results on the classification theory of amenable factors [Co721 ICo751 !Ha85] to¬ 
gether with [FM751 IKr75j , there exists a hyperfinite ergodic nonsingular equivalence relation 
1Z defined on a standard probability space (X,n) such that Q = L(TZ). Put A = L°°(X) 
and denote by : Q —» A the unique faithful normal conditional expectation. Denote by 
Eq : qMq —>• Q the unique ^-preserving conditional expectation. Choose any faithful state 
ta £ A* and put cf> = ta o E^ o Eq £ (qMq)*. Observe that A C ( qMq)& and Q is globally 
invariant under the modular automorphism group ctR 

Let (TZ n ) n &i be an increasing sequence of finite subequivalence relations of 1Z such that 7 Z = 
VneN Put Q n = ~L(TZ n ) for all n £ N so that Q = \f ne ^Q n - Note that A C Q n is still 
a Cartan subalgebra and Q n is globally invariant under the modular automorphism group 
for all n £ N because cj >\q = ta° E a- Observe that since lZ n is finite, that is, lZ n has finite 
orbits almost everywhere, Q n is a countable direct sum of finite type I von Neumann algebras. 
Therefore using [Ka82( Corollary 3.19], up to conjugating by a unitary in U(Q n ), the inclusion 
A C Qn is of the following form: 

(4.3) (A C Q n ) = ( © ® C® fe C © Z^ ® M fc (C) 

VfceN fceN 

(k) 

where Z\ ; is a diffuse abelian von Neumann algebra for all n, k £ N. 

Claim. For any nonzero projection z £ Z(Q' 0 qMq), we have Az Am M\. 

Proof of the Claim. By contradiction, assume that there exists a nonzero projection z £ Z(Q'n 
qMq) such that Az Mi. Observe that z £ ( qMq)^ fl (. M\)$. Using the structure of the 
inclusion A C Q n as in (14.3D . we see that the inclusion Q' n n A C A is of the form: 

(4.4) (Q' n n A c A) =* ( 0 Z^ (g, Cl c 0 Z^ <g) C 0fc 

\ke N ke N 

Using & it follows that the inclusion 

(Q' n llA)z C Az = Q' n C A C A 

has essentially finite index and Lemma 12.31 implies that (Q' n (1 A)z ^m Mi for all n £ N. 
(Remark that this can easily be confirmed directly, since Q' n n A C A are commutative.) 

Then for every n £ N, choose a unitary u n £ U((Q' n C\A)z) such that 11E (u n )]],/, < M_. Since 
u n £ (zMz)^ z for all n £ N, we may define u = (u n ) u £ (zMz) u = zM u z C M“. We then 
have u £ (Qz)' D ( Az ) w and Em“(m) = 0. Observe that u £ ((Qz fl zM\z) © z ± Miz J -)' fl M u . 
For all n £ N, Theorem 13.11 implies, as in Case type IIi, that 

llE^rfj^ (u n ) U U (ihn) |]■!/!“ ^ ll^llv’ ||EM 1 (w n )||i/i 

and hence z = 0, a contradiction. This finishes the proof of the Claim. □ 

The set of projections r £ Q'dqMq = Q'dqMiq (by Proposition l2.7l (IB such that Qr C rM\r 
attains its maximum in a unique projection z that belongs to Z(Qf fl qMq) = Z(Q' fl qM\q) 
(see Case type IR). Assume by contradiction that z ^ q. Put z 0 := q — z £ Z(Q' n qMq). By 
assumption, we have z^ ^ 0 and moreover z^ £ Q' O qMq C A'fl qMq. 
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By the previous Claim, we have that Az 1 Pm M\. Then there exist n > 1, a projection 
p £ M n (Mi), a nonzero partial isometry v € {z 1 M (g> Mi jn (C))p and a unital normal *- 
homomorphism ir : Az 1 —> pM ri (Mi)p such that the inclusion ^{Az 1 ) C pM„(Mi)p is with 
expectation (see Theorem l2.2D and av = vir (a) for all a £ Az 1 . Since z 1 € Q'dqMq C A'dqMq, 
we may define the unital normal ^-homomorphism i : A —>• Az:- 1 - : o i-A az -1 . Then n o l : A -A 
pM„(Mi)p is unital normal ^-homomorphism such that the inclusion {n o t)(A) C pM n (Mi)p 
is with expectation and av = i(a) v = VTi{i{a)) = v (ir o c){a) for all a £ A. 

Put N = J\f q Mq(A)" and observe that Q C N. Since v*v £ (ir o i)(A)' (1 pM. n (M)p and since 
(tt o i){A) C pM n (Mi)p is diffuse and with expectation, we have v*v £ (n o l)(A)' r\pM. n {M\)p 
by Proposition 12.71 (2) and hence we may assume that p = v*v. Since the inclusion A C N is 
regular, we moreover have v* N v C pM n (Mi)p by Proposition 12.71 (2). 

We have vv* £ {Az 1 )' D z 1 Mz 1 = z 1 {A' n qMq)z 1 C z 1 Nz 1 . Since the inclusion Q C N 
is with expectation (because so is Q C qMq ) and since Q is of type III, it follows that N is 
also of type III (see (Tafl2I Lemma V.2.29]) and so is z 1 Nz 1 . If we denote by r £ Z{z 1 Nz 1 ) 
the central support in z 1 Nz 1 of the projection vv* £ z 1 Nz 1 , we have vv* ~ r in z 1 Nz 1 . 
There exists a partial isometry u £ z 1 Nz 1 such that u*u = vv* and uu* = r. We have 
{uv)*Nr {uv) C pM. n {M\)p. So, up to replacing v by uv, we may assume that v* z 1 Nz 1 v C 
pM„(Mi)p, vv* £ Z{z 1 Nz 1 ) and p = v*v . 

This implies that z 1 Nz 1 v C upM n (Mi)p and hence Qz 1 v C vpM n (Mi)p. This further 
implies that (Q n qM\q)z 1 v C vp~M n {Mi)p. Since p = v*v, vv* £ Z{z 1 Nz 1 ) and Q C N, the 
mapping p : (Q fl qMiq)z 1 —> pM n {M\ )p : x t —> v*xv defines a unital normal ^-homomorphism 
such that xv = vp(x ) for all x £ (QCiqM^z 1 . Observe that z G M^ and hence {Q(lqMiq)z 1 C 
z 1 Mz 1 is with expectation. By Proposition 12.71 (1), we obtain that v £ (z^Mj <g) Mi ;ri (C))p 
and hence vv* £ z 1 {Q' I~1 qMq)z 1 = z 1 {Q' 0 qM\q)z 1 and Qz 1 vv* C vv* z^-Miz 1 vv*. Since 
vv* < z 1 , vv* / 0 and Q{z + vv*) C (z + vv*)M\{z + vv*), this contradicts the maximality of 
z £ Q' H qM±q and finishes the proof in the case when Q is of type III. 

Since we have successively treated the cases when Q is of type Hi, of type IIqo and of type III, 
this finishes the proof of Lemma 14.41 □ 

Lemma 4.5. Let q £ (Mi)^ be any nonzero projection and Q C qMq any subfactor with 
separable predual that is not amenable and globally invariant under the modular automorphism 
group and such that Q fl qM\q and Q' 0 ( qMq) u are diffuse. Then Q C qM\q. 

Proof. The proof, inspired by the one of |Hol2bl Theorem E], relies on Connes-Takesaki’s 
structure theory [Co72l, ITaO.lj and uses Corollary 14.21 

The novel aspect of the proof consists in combining [AH121 Theorem 4.1] and (MTl.'Il Theorem 
2.10] in order to obtain the following canonical inclusions of semifmite von Neumann algebras 
with trace preserving conditional expectations: 

c <p(M) C c r {M“) C MM))" 

with cj) = ip or = fj. More precisely, if we denote by : (c^(M)) aJ —>• c <f,{M) the canonical 
faithful normal conditional expectation and by Tr^, (resp. Tr,,,^) the canonical faithful normal 
semihnite trace on c^(M) (resp. c r p^{M U} )), we have that Tr^oE^ is a faithful normal semifinite 
trace on (c^M))^ and (Tr^ o E t)\c^( M “) = TV^u. We will simply use the notation ]| • ||2 for 
the L 2 -norm associated with any of the faithful normal semifinite traces considered above. We 
will use throughout the proof the identification L^(R) = L^(R) C c^{M UJ ). 

Since q £ M 1 and Q C qMq is globally invariant under the modular automorphism group a ^ q , 
we may define c ip q {Q) = Q xi^ R and regard c ^ (Q) C TT^,{q)c^{M)n^,{q) naturally. Fix an 













ASYMPTOTIC STRUCTURE OF FREE PRODUCT VON NEUMANN ALGEBRAS 


21 


arbitrary nonzero finite trace projection r £ L^(R) and put M. = c v (M), p = 11^(r) £ M, 
Q = K<p,ip(rCip q {Q)r) and V = Q' n (pTT v (q)Mir ip (q)p) UJ . Observe that 

P^tpiq) = U^rTT^q)) = = 7 T v (q)p 

defines a nonzero projection in M and is the unit of Q. 

Claim. We have V ^ m u (L^R))". 

Proof of the Claim. The proof uses an idea of |Iol2| Lemma 9.5]. By contradiction, assume 
that V (L ¥ ,(R)) a '. By [BHR12I, Lemma 2.3], there exist 5 > 0 and a finite subset 

T C p7r l/ ,(q)A4 UJ such that 

(4.5) E \\E {LAR)r (b*ua)\\ 2 2 > 5,VueU(V). 

a^bGJ 7 

For each a £ J 7 , write a = (a n ) u with a fixed sequence (a n ) n £ pir lf (q)A4 ul (A4). 

We next show that there exists n £ N such that 

(4.6) E \\V {L ^ )r (blua n )\\l>S,Vu£U(V). 

a^b^J 7 

Assume by contradiction that this is not the case. Then for each n £ N, there exists u n £ U(V) 
such that 

y ] I|E'(l ¥> (r))“ {b n u n a n ) ||2 < b. 

a^b^J 7 

Since p^ v (q)M^ip{q)p is a finite von Neumann algebra, we may write u n = for some 

sequence £ £ 00 (N,p7r l p(q)A47r ip (q)p) such that uff} £ U(p'K lf (q)A4'K ip (q)p) for all m £ N. 

Then we have 

lim Y \\^L A n)(b* n u^a n )\\ 2 2 <5. 

a^b^J 7 

Fix a || ■ ||2-dense countable subset {y n : n £ N} C Q. Since liirim^^ \\yjUrft — Umyj\\2 = 
\\yjU n — u n y 3 1 |2 = 0 for all n £ N and all 0 < j < n, we may choose m n £ N large enough 
so that v n := Uml £ U(p'K ip (q)M' 7 r v ,(q)p) satisfies || yjv n - v n yj\\2 < for all 0 < j < n and 
ll E L^( R )(&nWa n )Hi < s. Since Ptt^Mtt^p is finite, we may define v := ( v n Y £ 
(p^ v (q)M'^ l fi(q)p) U} ■ We moreover have v £ U(V) and 

(4.7) Y W E (^m“( b * Va )W 2 2 = E 11 E L^ (R) {bn v n a n)\\2 < 

a^b^J 7 a^b^J 7 

Equations (14.511 and (14.711 give a contradiction. This shows that Equation (14.611 holds. Therefore, 
up to replacing the finite subset T C p'K v ,(q)M. UJ by {a n : a £ J 7 } C p'K lf (q)JH, we may assume 
that T C p7r^(q)A4 in Equation (14.51) . 

Since Q'r\(qMq) u is diffuse and Q is globally invariant under the modular automorphism group 
a^ q , we know that Q' H (fqMq) u )^ q is diffuse by [HR 14 1 Theorem 2.3]. We may then choose 
a sequence (u n ) n £ A4 UJ (qMq) such that (u n ) w £ U(Q' fl ((qMq) u )^ q ) and lirrin^oo u n = 0 
cT-weakly (see the first and second paragraphs in the proof of [HB14I Theorem A]). Observe 
that {jm<p{un)p) n £ £°°(N,pTr ip (q)MTT ip (q)p) and 

n v u({u n y)p = n^^(7 T^({u n yy) 

= n^^(r7r r ((ii n ) w )r) 

= (n^(r7T^(u n )r)) aJ 
= (pir v (u n )p) u £ U(V). 
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Since J- C pn v (q)A4, using Lemma 12.41 (with letting the Q there be the trivial algebra), we 
obtain lim^,-^ \\E L pTT(p(u n )pa )\\2 = 0 for all a,b £ T. This implies that 

(4.8) ll E (L ¥ ,(R))"(&*’r V "((«n) w )pa)ll2 = 5Z \\ E h v (n)(b*p^u^pa)\\l = 0. 

a,b£LT a,b$LT 

Equation (14.51) with T C piT lf (q)Ai and Equation (14.81) give a contradiction. This finishes the 
proof of the Claim. □ 

Next, for each i £ {1,2}, put Ad i = We have Ad = Adi Ad 2 (see [TJe98a . 

Theorem 5.1]). Observe that since M\ is globally invariant under a^, we have n v3j ^,(c^(Afi)) = 
c v (M\) = M.\. Since r £ L^(R) C c^(Mi), we have p = II Vt ^(r) £ Adi. Since Q fl qM\q is 
diffuse and globally invariant under we have Tl v ^(rc^ q (QC\qM\q)r) ^m L ¥ ,(R) by Lemma 
12.51 Then {BHR12 . Theorem 2.5] implies that H qMiq)r))' H pTT ip (q)A4TT lfi (q)p C 

P’ 7r ¥ ,(<?)Adi7r ¥ ,(g)p and hence 

Q! ripn lf (q)Mn ip (q)p = Qf D P'iT ip {q)MiTT ip (q)p. 

The set of projections s £ Qf r\pir lf (q) Ad ir lf (q)p = Qf r\pTT tp (q)AAiTT ip (q)p such that Qs C sAdis 
attains its maximum in a unique projection 2 that belongs to Z{Qf F\ pTr ip (q)A 4 TT ip (q)p) = 
Z(Qf C\ pTT v (q)AAiTr ip (q)p). Assume by contradiction that z A pir^(q). Put 2 -1 := pTT^(q) — z £ 
Z(Q' H pTT ip (q)M.TT v (q)p). By assumption, we have z 1 / 0. 

Observe that since Q C qMq is a subfactor that is not amenable, Q = Jl^^rc^, (Q)r) has no 
amenable direct summand by [BHR12 . Proposition 2.8]. By the previous Claim, we moreover 
have V (L ¥ ,(R)) a; . Then Corollary 14.21 implies that there exists i £ {1,2} such that 

Qz 1 - Am Adj. Hence, there exist n > 1, a finite trace projection / £ M n (Adj) (with respect to 
the canonical trace Tr^ <8>tr n ), a nonzero partial isometry v £ ( 2 ^ Ad (g)Mi jn (C))/ and a unital 
normal ^-homomorphism it : Qz^ —> /M n (Adj)/ such that xv = vtt(x) for all x £ Qz^~. In 
particular, we have Jl^{rc^ q {Qr\qM-iq)r) v C v /M n (Ad,;)/. Since H^{rc^ q {QrqMiq)r) ^ M 
L ¥ ,(R), [BHB121 Theorem 2.5] and its Claim imply that i = 1 and v £ (z ± A4i (g> Mq n (C))/. 
Therefore we have vv* £ Q' D pTr ip (q)M.iTT ip (q)p, vv* A 0, vv* < z 1 - and Q(z + vv*) C (z + 
vv*)A4\(z + vv*). This contradicts the maximality of the projection 2 £ Qf r\pir v ,(q)A4i7T lf (q)p. 

Thus, we have 2 = pir^iq) and hence 

n^(rc^(Q)r) = Q C pTT v {q)MiTT ip (q)p = n^(rc^(gM 1 g)r). 

This implies that rc^, q (Q)r C rc^ AqM\q)r. Since this holds for every nonzero finite trace 
projection r £ L^(R), we obtain c ^ q (Q) C c^ q (qM\q). Observe that TT^ q (qMq) C c ^ q (qMq) is 
the fixed point algebra by an action of R, called the dual action of a^ q , (see [Ta03l Theorem 
X.2.3 (i)]) and hence there exists a (non-normal) conditional expectation F : c^ q (qMq) —> 
Tr 1 p q (qMq) such that F(c^ (qMiq)) = 7T,^ (qM\q). By applying the conditional expectation F 
to 7 x^ q (Q) C c ip q (Q) C Cijj q (qM\q) , we obtain 7 r^ q (Q) C n^ q (qM 1 q) and hence Q C qM\q. This 
finishes the proof of Lemma 14.51 □ 


Proof of Theorem f.3. Since both Q and Q D M\ are with expectation in M, we may choose a 
faithful state if £ M * such that both Q and Q fl M\ are globally invariant under the modular 
automorphism group a 1 A Denote by R —> U(M) : t ut = [Dip : Dip\t the Connes Radon- 
Nikodym cocycle (see [Co72l . Theoreme 1.2.1]) satisfying erf = Ad(rq) o af for all t £ R. 


Fix any t £ R. Define the unital normal ^-isomorphism irt : Q H M\ A M : 1 4 ut*xut- 
Observe that 


7Tf (Q n Mi) = Ut *Qn Mi u t = u t * af (Q C Mi) u t = af(Q n Mi) C <rf (Mi) = Mi 
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and xut = ut nt(x) for all x £ Q PI M\. Since Q fl M\ C M\ is diffuse and with expectation, 
Proposition 12.71 (1) implies that ut £ li(M\). Since this holds for every t £ R, we obtain 

4( M i) = u t °t( M i) «t* = ut M 1 u t * = M x . 

This implies that if = if o Ewhere E^i : M —> M\ is the unique faithful normal conditional 
expectation. 

Since Q n M\ c M\ is diffuse and with expectation, we have Q' C\ M C (Q n M\)' D M = 
(QnMi)'nMi by Proposition [23(1) and hence Q'flM = Q'flMi. Denote by z £ 2(Q'nM u ) 
the unique central projection such that (Q' (~l M U} )z is diffuse and ( Q' n M u ’)z ± is atomic. By 
[HK141 Theorem 2.3], we have z € Z(Q'nM) = Z(Q'nM 1 ) and (Q'nM^)z 1 - = (Q'nM)z ± = 
(Q' fl M\)z l . Observe that z £ (. M\)^. 

Denote by (z n ) n a sequence of central projections in Z(Qz) such that Yh n z n = z, Qzo has a 
diffuse center and Qz n is a diffuse factor for all n > 1. We have Z(Qz) C (Qz)' n zM^z = 
z(Q' O M^)z = z(Q' O (M{)^)z. Moreover, since Z{Qz)zq C zqM\Zq is diffuse and globally 
invariant under the modular automorphism group a^ z o, we have Qzq C (Z(Qz)zq)' O zqMzq = 
(Z(Qz)zo)' D zo-^i~o by Proposition 12.71 (1). Finally, for all n > 1, since Qz n C z n Mz n is a 
non type I subfactor that is globally invariant under the modular automorphism group a^ Zn 
and such that Qz n D z n M\ z n = (Q 0 M\ )z n and ( Qz n )' D (z n Mz n ) u = (Q' fl M u )z n are diffuse, 
Lemma 14.41 in the case when Qz n is amenable, and Lemma 14.51 in the case when Qz n is 
nonamenable, imply that Qz n C z n M\ z n . Therefore, we have Qz C zM\ z. This finishes the 
proof of Theorem 14.31 □ 

We can finally deduce the main results of this paper. 

Proof of Theorem\A^ By applying Theorem l4.3l to the case when the projection z £ Z(Q'r\M u ) 
satisfies z = 1, we obtain Q C M\. □ 

Proof of Corollary W[ Since both Q and Q fl M\ are with expectation and Q D M\ is diffuse, 
using Lemma m we may choose a faithful state if £ M* such that both Q and Q n M\ are 
globally invariant under the modular automorphism group cr^ and the centralizer (Q n 
is diffuse. Note that by the proof of Theorem 14.31 M\ is also globally invariant under the 
modular automorphism group Next, choose a diffuse abelian von Neumann subalgebra 
with separable predual A C (Q n M\)^. 

Let x £ Q be any element. Denote by Qo C M the von Neumann subalgebra generated by 
the set {af (y) : t £ R, y = x or y £ A}. Observe that Qq C M has separable predual and 
is globally invariant under the modular automorphism group (i'K Since Q is amenable and 
Qo C Q is with expectation, it follows that Q o is also amenable. (It is true even in the non- 
separable case that amenability implies injectivity. See [Co76j.) Since A C (Qo H M\ )b and 
since A is diffuse, (Qo fl M\)^ is diffuse and so is Qo 0 M\ (see e.g. [B1Q61 Theorem IV.2.2.3]). 

Since Qo is diffuse, amenable and with separable predual, the central sequence algebra Q' 0 0 Qo 
is diffuse (see e.g. [|Hol4l Proposition 2.6]). Since Qo C M is with expectation, the inclusion 
Qg 0 Qo C Qo 0 M u is with expectation and hence Q' 0 0 M u is diffuse. Since Qo n M\ is 
moreover diffuse and with expectation, we obtain that Qo C M\ by Theorem [3 and hence 
x £ Mi. Since this holds true for all x £ Q, we deduce Q C M\. □ 

Appendix A. Bicentralizer problem for free product von Neumann algebras 

Let (M, ip) be any u-finite von Neumann algebra endowed with a faithful normal state. Fol¬ 
lowing |Ha85] , the asymptotic centralizer of ip is defined by 

AC(M,ip) = \(x n ) n £ : lim \\x n ip - px n \\ = o) 

l n—> oo J 
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and the bicentralizer of p is defined by 

B(M, p) = \a £ M : lim \\ax n — x n a|L = 0, V(x n ) n £ AC(M, p) 1 . 

Haagerup showed in [Ha85 ] that any amenable type IIIi factor with separable predual has 
trivial bicentralizer. It is an open problem, known as Connes’s bicentralizer problem, to decide 
whether any type IIIi factor with separable predual has trivial bicentralizer. 

It was recently showed in [Hllhl Proposition 3.3] that B (M,p) = ((M^)^)' n M for every 
nonprincipal ultrafilter u> € /3(N) \ N. Using this characterization, we give a short proof of 
an unpublished result due to the second named author showing that Connes’s bicentralizer 
problem has a positive solution for all type IIIi free product factors. 

For each i £ {1,2}, let ( Mi,pi ) be any nontrivial u-finite von Neumann algebra endowed 
with a faithful normal state. Assume moreover that ker(cr ¥31 ) nker(cr ¥32 ) = {0}. Denote by 
(M, ip) = * (M 2 , pg) the free product. By [UelOl Theorem 4.1], we have M = M c ®Mg 

where M c is a type IIIi factor and Mg = 0 or Md is a multimatrix algebra. Put p c = ^ p\ m c - 

Theorem A.l. Keep the same notation as above. Then B (M c ,p c ) = Cl m c - 

Proof. In the case when both Mi and M 2 are atomic, p c is an almost periodic state such that 
((M c ) lfc )'nM“ = C1 m c by [ Uell . Theorem 2.2], Then we have B (M c ,p c ) C {(M c f) tPc -)' n M c = 

C1m c - 

Next, we may assume that Mi has a diffuse direct summand. Since M c is of type III and using 
jllelOi Lemma 2.2], up to cutting down M by the central projection in M\ that supports the 
diffuse direct summand of Mi, we may assume without loss of generality that M\ is diffuse. In 
that case, we have M = M c . Observe that Mg and Mg are both globally invariant under the 
modular automorphism group and are *-free inside M u with respect to the state ipP (see 
[tJeflOl Proposition 4]). Letting P = Mf V Mf. we have (P, <p w \p) = (Mf, ipf) * (Mg, ipg) and 
M C P C M“. 

Since Mi is diffuse and M 2 Cl, we have that (Mg)^ is diffuse and (Mg)^ g Cl by 
Proposition 12.81 Using [HI 15 . Proposition 3.3] and Proposition 12.71 (1). we have 

B (M,tp) = ((rf)'nMc ((M^fnPnMc ((Mg)^)' n Mg n M c Mi. 

Next, one can choose an invertible element w € ( Mg) v % such that pgi w ) = F° r all y £ 
B(M, ip) C Mi such that pi(y) = 0, using the freeness with respect to tpP and since yw = wy , 
we have 

ip u (w*y*yw) = <p u> (w*y*wy) = 0. 

Therefore w*y*yw = 0 and hence y = 0 since w is invertible. It immediately follows that 
B(M, pi) = Cl. This finishes the proof of Theorem I A. 11 □ 
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